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Abstract
In this paper we deal with almost periodic functions with values in a Fréchet space. We apply
obtained results to prove the existence of solutions of the initial value problem as well as the Volterra
integral equation in this class of functions. We also introduce and investigate asymptotically almost
periodic functions with values in a Fréchet space.
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1. Introduction
Founded between 1923 and 1926 by Harald Bohr, the theory of almost periodicity had
rapidly led to a strong development of harmonic analysis on groups and compact topolog-
ical semigroups of linear operators.
The theory has attracted many mathematicians for decades. Some generalizations of the
concept have been introduced successfully by V.V. Stepanov and A.S. Besicovitch. Almost
periodic functions with values in a Banach space were studied by S. Bochner and developed
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D. Bugajewski, G.M. N’Guérékata / J. Math. Anal. Appl. 299 (2004) 534–549 535by several mathematicians including C. Corduneanu, S. Zaidman, J.A. Goldstein, L. Ame-
rio, G. Prouse, K. Deleeuw, I. Glicksberg, A.M. Fink, etc. (see, e.g., [2,3,7–11,20,21]).
Applications include ordinary, partial as well as abstract differential equations, topological
and smooth dynamical systems, statistics, etc.
The theory of almost periodic functions taking values in a Fréchet space was studied by
G.M. N’Guérékata in his papers [12,13]. The author studied some applications to abstract
differential equations too [12,14–16].
In this paper, we pursue this study in Section 3 and give some applications to nonlinear
differential and integro-differential equations in Fréchet spaces (Section 4). We prove exis-
tence of almost periodic solutions of such equations using a fixed point theorem from [5].
We also indicate in these cases that the set of almost periodic solutions is compact. In Sec-
tion 5 we introduce the concept of asymptotically almost periodicity in Fréchet spaces and
study some of its properties. Finally in Section 6 we give some applications to differential
and integral equations.
2. Preliminaries
Throughout this paper, if not stated otherwise, E = E(τ) will always denote a Fréchet
space, that is a locally convex space whose topology τ is induced by a family of seminorms
P = (pn).
Definition 2.1. A continuous function f :R → E is said to be almost periodic if for each
neighborhood of the origin U , there exists a real number l > 0 such that every interval
[a, a + l] contains at least a point s such that
f (t + s) − f (t) ∈ U for every t ∈ R. (1)
The number s depends on U and is called a U -translation number or a U -almost period
of the function f . It is clear from the definition above that the set of U -almost periods of
an almost periodic function is relatively dense in R.
Recall that the range of an almost periodic function is relatively compact in E. More-
over, almost periodic functions in a Fréchet space E are characterized by the so-called
Bochner criterion [16, Theorem 3.1.8]:
Theorem 2.2. A continuous function f with values in a Fréchet space E is almost peri-
odic iff for every sequence of real numbers (s′n), there exists a subsequence (sn) such that
(f (t + sn)) is uniformly convergent in t ∈ R.
Another useful property of almost periodic functions is the following
Theorem 2.3. If f is almost periodic with values in a Fréchet space E and {F(t): t ∈ R}
is relatively compact in E, where F(t) = ∫ t0 f (s) ds, then F(t) is almost periodic too.
We refer the reader to [16], for more information on almost periodicity in Fréchet
spaces.
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Theorem 2.4. Let D be a closed and convex subset of a Hausdorff locally convex space
such that 0 ∈ D, and let G be a continuous mapping of D into itself. If the implication(
V = convG(V ) or V = G(V )∪ {0}) ⇒ V is relatively compact
holds for every subset V of D, then G has a fixed point.
3. Almost periodic functions in Fréchet spaces
Denote by AP(E) the set of all almost periodic functions R → E. By [16, Theo-
rem 3.1.9], this space is linear.
Theorem 3.1. The linear space of all almost periodic functions R → E is a Fréchet space.
Proof. Denote by C(R,E) the linear space of all continuous bounded functions R → E
and by (qn), n ∈ N, the family of seminorms which generates the topology of E. Without
loss of a generality we may assume that qn+1  qn, pointwise, for n ∈ N. Define
qCn (f ) = sup
x∈R
qn
(
f (x)
)
, n ∈ N.
Obviously (qCn ) form a family of seminorms of C(R,E). Moreover, it is clear that qCn+1 
qCn for n ∈ N. Define the pseudo-norm
|f | =
∞∑
n=1
1
2n
qCn (f )
1 + qCn (f )
for f ∈ C(R,E).
Obviously C(R,E) with the above defined pseudo-norm is a Fréchet space. By [16, Theo-
rem 3.1.5], AP(E) is a linear subspace of C(R,E). In view of [16, Theorem 3.1.4(i)], it is
closed which completes the proof. 
Corollary 3.2. If E is a Banach space, then the linear space of all almost periodic functions
R → E is a Banach space with the norm sup (see [16, Theorem 3.1.12]).
We have also the following simple
Proposition 3.3. Let E be a Fréchet space over the field K (K = R or C). If f ∈ AP(E)
and ν ∈ AP(K), then νf ∈ AP(E).
Proof. It is a simple consequence of Bochner’s criterion above. 
In the same way as in [16, Definition 2.6.1] we introduce the following
Definition 3.4. A Fréchet space E is said to be perfect if every bounded function f : R → E
with an almost periodic derivative f ′ is necessarily almost periodic.
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The answer to this question is positive what we illustrate by the following
Example 3.5. Denote by s the linear space of all real sequences s = {x = (xn): xn ∈ R for
n ∈ N}. For each n ∈ N, define pn(x) = |xn|, x ∈ s. Obviously pn is a seminorm defined
on s. Define qn = p1 ∨ p2 ∨ · · · ∨ pn for n ∈ N. We have qn+1  qn for n ∈ N. The space
s considered with the family of seminorms (qn) is a Fréchet space. Moreover, it can be
proved (see [1, 17.7, p. 210]) that each closed and bounded subset of s is compact. Thus,
in particular, s is not a Banach space. Moreover, in view of Theorem 2.3, s is perfect.
Definition 3.6. A continuous function f :R×E → E is said to be almost periodic in t for
each x ∈ E if for each neighborhood of the origin U there exists a real number l > 0 such
that every interval [a, a + l] contains at least one point s such that
f (t + s, x) − f (t, x) ∈ U for each t ∈ R and for each x ∈ E.
In view of the Bochner’s criterion (Theorem 2.2), the above definition is equivalent to
the following
Definition 3.7. A continuous function f :R × E → E is almost periodic in t for each
x ∈ E if for every sequence of real numbers (s′n), there exists a subsequence (sn) such that
(f (t + sn, x)) converges uniformly in t ∈ R and x ∈ E.
The similar reasoning as in [16, Theorem 2.2.6], establishes the following
Lemma 3.8. Let f :R×E → E be almost periodic in t for each x ∈ E and assume that f
satisfies a Lipschitz condition in x uniformly in t ∈ R that is d(f (t, x), f (t, y)) Ld(x, y)
for all t ∈ R and x, y ∈ E, where d is a metric on E. Let φ :R → E be almost periodic.
Then the function F :R → E defined by F(t) = f (t,φ(t)) is almost periodic.
Proof. Let (s′n) be a sequence of real numbers. We can extract a subsequence (sn) of (s′n)
such that
(i) f (t + sn, x) converges uniformly in t ∈ R and x ∈ E,
(ii) φ(t + sn) converges uniformly in t ∈ R,
that is limn→∞ f (t + sn, x) = g(t, x) uniformly in t ∈ R, x ∈ E, limn→∞ φ(t + sn) = Ψ (t)
uniformly in t ∈ R.
We show that (F (t + sn)) converges uniformly in t ∈ R. Define G(t) = g(t,Ψ (t)) for
t ∈ R. Then, we have
d
(
F(t + sn),G(t)
)
 d
(
f
(
t + sn,φ(t + sn)
)
, f
(
t + sn,Ψ (t)
))
+ d(f (t + sn,Ψ (t)), g(t,Ψ (t)))
 Ld
(
φ(t + sn),Ψ (t)
)+ d(f (t + sn,Ψ (t)), g(t,Ψ (t))).
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t ∈ R. 
We also have the following composition result
Theorem 3.9. Let E1, E2 be Fréchet spaces and f :R → E1 be an almost automorphic
function. If φ :E1 → E2 is a continuous function, then φ(f (t)) :R → E2 is almost auto-
morphic.
Proof. Since f is almost periodic, f (R) is compact (see [16, Remark 3.1.6, p. 53]). Thus
φ restricted to f (R) is uniformly continuous. Now, it is enough to apply Theorem 2.3, and
the proof is complete. 
4. AP-solutions of differential and integral equations
Let P = (pn) be a family of seminorms which generates the topology of the Fréchet
space E. Consider the Cauchy problem
x ′ = f (t, x), x(0)= x0, t ∈ R, (2)
where x0 ∈ E and f :R ×E → E.
Denote by (βpn(·))n∈N the Sadovskii measure of noncompactness (see [19] for defini-
tion and basic properties).
Assume that
1◦ f is a continuous mapping such that for each pn ∈P there exists a function ψpn :R →
R+ and
pn
(
f (s, x)
)
ψpn(s) and
+∞∫
−∞
ψpn(s) ds < +∞;
2◦ for each seminorm pn ∈ P , each bounded subset M ⊂ E and for each interval
[min(0, a),max(0, a)], there exists a continuous nondecreasing function hn,M,a :
R+ → R+ such that the inequality
u(t)
max(0,t )∫
min(0,t )
hn,M,a
(
u(s)
)
ds, for t ∈ [min(0, a),max(0, a)],
has only a trivial solution u ≡ 0 and
βpn
(
f (A×X)) hn,M,a(βpn(X))
for A ⊂ [min(0, a),max(0, a)] and X ⊂ M;
3◦ (s, x) → f (s, x) is almost periodic in s for each x ∈ E and satisfies a Lipschitz condi-
tion in x uniformly in s ∈ R;
4◦ for each x ∈ AP(E) the range RF(x) = {
∫ t
f (s, x(s)) ds: t ∈ R} is relatively compact.0
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set S of such solutions is compact.
Proof. Obviously, Eq. (2) is equivalent to the integral equation
x(t) = x0 +
t∫
0
f
(
s, x(s)
)
ds, t ∈ R.
Define the operator
F(x)(t) = x0 +
t∫
0
f
(
s, x(s)
)
ds for t ∈ R and x ∈ AP(E).
In view of 3◦ and Lemma 3.8, the function s → f (s, x(s)), s ∈ R, is almost peri-
odic for any x ∈ AP(E). By 4◦ and Theorem 2.3, F(x) ∈ AP(E) for any x ∈ AP(E).
Hence F(AP(E)) ⊂ AP(E). Now we verify that F is a continuous operator. Let (xk)
be a sequence of elements from AP(E) such that xk → x as k → ∞. Fix pn ∈ P and
fix ε > 0. First consider the halfline R+. Choose t0 > 0 such that 2
∫ +∞
t0
ψpn(s) ds <
ε/2. In view of the Krasnoselskii–Krein type lemma (cf. [17]) there exists δ > 0
such that sups∈[0,t0] pn(f (s, u(s)) − f (s, x(s))) < ε/(2t0) whenever u ∈ AP(E) and
sups∈[0,t0] pn(u(s) − x(s)) < δ. Choose K ∈ N such that sups∈[0,t0] pn(xk(s) − x(s)) < δ
for k K . For t > t0 and k K we have
pn
(
F(xk)(t)− F(x)(t)
)= pn
( t∫
0
[
f
(
s, xk(s)
)− f (s, x(s))]ds
)

t0∫
0
pn
[
f
(
s, xk(s)
)− f (s, x(s))]ds +
t∫
t0
pn
[
f
(
s, xk(s)
)− f (s, x(s))]ds
<
ε
2
+ ε
2
= ε,
so F(xk)|R+ → F(x)|R+ pointwise, in view of the seminorm pn, as k → ∞. A similar
reasoning establishes that F(xk)|R− → F(x)|R− pointwise, in view of the seminorm pn,
as k → ∞. In view of the inequalities
pn
[
F(x)(t1)− F(x)(t2)
]

t2∫
t1
pn
[
f
(
s, x(s)
)]
ds 
t2∫
t1
ψpn(s) ds
for t1, t2 ∈ R, t1 < t2, x ∈ AP(E), and from the assumption about ψpn , it is clear that the
family F(AP(E)) is equicontinuous. Thus F(xk) → F(x) uniformly on R, in view of each
pn ∈P , which proves the continuity of F .
Let D = conv(F (AP(E))). Obviously F maps D into itself. Now, let V be a subset of
D such that V ⊂ conv(F (V ) ∪ {0}), where 0 ∈ AP(E). In view of the properties of the
measure (βpn(·))n∈N, for each pn ∈P we obtain
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(
V (t)
)
 βpn
(
convF(V )(t) ∪ {0})= βpn(F(V )(t) ∪ {0})
= max(βpn(F(V )(t)), βpn({0}))= βpn(F(V )(t)) for t ∈ R,
and thus the similar reasoning as in [4, Theorem 1] proves that V (t) is relatively compact
for t ∈ R. In view of the Ascoli’s theorem we infer that V is relatively compact. The
operator F satisfies all assumptions of Theorem 2.4 and thus there exists x ∈ D such that
x = F(x). Finally, since S = F(S), the same reasoning as in [4, Theorem 1] proves that S
is relatively compact. Since S is closed, it is compact, which completes the proof. 
As the second application, we shall consider in a perfect Fréchet space E the linear
differential equation
x ′(t) = Ax(t)+ f (t), t ∈ R, (3)
with the following assumptions:
5◦ A is a compact linear operator on E;
6◦ Ak, k = 1,2, . . . , is equicontinuous;
7◦ for every seminorm pn, there exists a seminorm qn such that
pn(e
tAx) qn(x) for every t ∈ R, x ∈ E;
8◦ f ∈ AP(E) and for each pn ∈ P there exists a function ψpn :R → R+ and
pn
(
f (s)
)
ψpn(s) and
+∞∫
−∞
ψpn(s) ds < +∞.
Now we state and prove
Theorem 4.2. Under the above assumptions, every solution of Eq. (3) is almost periodic
in E.
Proof. Solutions of Eq. (3) are of the form
x(t) = etAx(0)+
t∫
0
e(t−s)Af (s) ds, t ∈ R. (4)
By [16, Theorem 7.1.8], the function etAx(0) ∈ AP. Now let F(t) =: ∫ t0 e(t−s)Af (s) ds. It
is also immediate that s → e−sAf (s) is in AP(E) based on [16, Theorem 3.2.12]. In view
of assumptions 5◦ and 8◦, F(t) is bounded over R. We then deduce that
∫ t
0 e
−sAf (s) ds is
in AP(E) since we are in perfect Fréchet space. But this last integral is equal to e−tAF (t).
Applying again [16, Theorem 3.2.12] we obtain etA(e−tAF (t)) = F(t) is almost periodic.
The proof is now complete. 
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x(t) = g(t) +
t∫
0
K(s)f
(
s, x(s)
)
ds, t ∈ R. (5)
Assume that f satisfies 3◦ and the inequalities as in 1◦. Moreover, suppose that
9◦ g :R → E is almost periodic;
10◦ K :R → R is almost periodic and ∫ +∞−∞ |K(s)|ds < +∞;
11◦ for each seminorm pn ∈ P , each bounded subset M ⊂ E and for each interval
[min(0, a),max(0, a)], there exists a continuous nondecreasing function hn,M,a :
R+ → R+ such that the inequality
u(t)
max(0,t )∫
min(0,t )
hn,M,a
(
u(s)
)
ds for t ∈ [min(0, a),max(0, a)],
has only a trivial solution u ≡ 0 and
βpn
(
K(A)f (A× X)) hn,M,a(βpn(X))
for A ⊂ [min(0, a),max(0, a)] and X ⊂ M;
12◦ for each x ∈ AP(E) the range RF(x) = {
∫ t
0 K(s)f (s, x(s)) ds: t ∈ R}, is relatively
compact.
Theorem 4.3. Under the above assumptions, Eq. (4) has a solution in AP(E). Moreover,
the set of such solutions is compact.
Proof. Define the mapping
F(x)(t) = g(t) +
t∫
0
K(s)f
(
s, x(s)
)
ds for t ∈ R and x ∈ C.
In view of 3◦ and Lemma 3.8, the function s → f (s, x(s)), s ∈ R, is almost periodic for
any x ∈ AP(E), so by 10◦ and Proposition 3.3, s → K(s)f (s, x(s)) has the same property
for any x ∈ AP(E). By 9◦, 12◦ and Theorem 2.3, F(x) ∈ AP(E) for any x ∈ AP(E). Hence
F(AP(E)) ⊂ AP(E).
In view of the inequalities
pn
[
F(x)(t1)− F(x)(t2)
]

t2∫
t1
pn
[
K(s)f
(
s, x(s)
)]
ds 
t2∫
t1
∣∣K(s)∣∣Ψpn(s) ds
for t1, t2 ∈ R, t1 < t2, x ∈ AP(E), and from the assumption about Ψpn , it is clear that the
family F(AP(E)) is equicontinuous. Further, essentially the same reasoning as in the proof
of Theorem 4.1 establishes the result. 
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Definition 5.1. A continuous function f :R+ → E is said to be asymptotically almost
periodic if it admits a decomposition
f (t) = g(t) + h(t), t ∈ R+,
where g :R → X is an almost periodic function and h :R+ → E is a continuous function
with limt→+∞ h(t) = 0. Thus, g and h are called, respectively, the principal and corrective
terms of the function f .
As an obvious consequence of the above definition we have
Proposition 5.2. Let E be a Fréchet space over the field K (K = R or C) and let
f,f1, f2 :R+ → E, ν :R+ → K be asymptotically almost periodic. Then f1 + f2, λf for
any λ ∈ K and νf are also asymptotically almost periodic.
Proof. It is an immediate consequence of Definition 5.1 and Proposition 3.3. 
The next result is very important.
Theorem 5.3. The decomposition of an asymptotically almost periodic function is unique.
Proof. The idea of the proof is similar as in the proof of Theorem 2.5.4 from [16]. Let
f :R+ → E be asymptotically almost automorphic with two decompositions
f (t) = gi(t) + hi(t), t ∈ R+, i = 1,2,
with principal terms g1, g2 and corrective terms h1, h2, respectively. Then for t ∈ R+ we
have
g1(t) − g2(t) + h1(t) − h2(t) = 0,
so
lim
t→+∞
(
g1(t)− g2(t)
)= 0. (6)
Consider the sequence (n). Since g1 −g2 is almost periodic, in view of Bochner’s criterion
(Theorem 2.2) we can extract a subsequence (nk) of (n) such that
lim
k→∞
(
g1(t + nk)− g2(t + nk)
)= F(t)
uniformly on R. Thus, by (6), F(t) = 0 for t ∈ R. Since
0 = lim
k→∞F(t − nk) = g1(t) − g2(t),
h1(t) = h2(t) = 0 for t ∈ R, which completes the proof. 
Denote by AAP(E) the set of all asymptotically almost periodic functions R+ → E. By
Proposition 5.2, this space is linear.
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is a Fréchet space.
Proof. Again denote by (qn), n ∈ N, the family of seminorms which generates the topol-
ogy of E. Without loss of a generality we may assume that qn+1  qn, pointwise, for n ∈ N.
In view of Theorem 5.3 we can define
qCn (f ) = sup
x∈R
qn
(
g(x)
)+ sup
x∈R+
qn
(
h(x)
)
, n ∈ N,
where g and h are the principal and corrective terms of the function f ∈ AAP(E), respec-
tively.
Obviously (qCn ) form a family of seminorms of AAP(E). Moreover, it is clear that
qCn+1  qCn for n ∈ N. Define the pseudo-norm
|f | =
∞∑
n=1
1
2n
qCn (f )
1 + qCn (f )
for f ∈ AAP(E).
We establish that AAP(E) with the above defined pseudo-norm is a Fréchet space. Let
(fn) be a Cauchy sequence in AAP(E). Then the principal terms of the functions fn: (fn)g
form a Cauchy sequence of almost periodic functions with respect to the pseudo-norm of
the space AP(E). Thus, by Theorem 3.1 there exists an almost periodic function g such
that (fn)g → g uniformly. Further, the corrective terms of the functions fn: (fn)h form a
Cauchy sequence of continuous functions with respect to the seminorms sup (restricted to
R+). Hence there exists a continuous function h such that (fn)h → h uniformly on R+.
Since for every n ∈ N, limt→+∞(fn)h(t) = 0 and h(t) = h(t) − (fn)h(t) + (fn)h(t) for
t ∈ R+, limt→+∞ h(t) = 0. Thus f := g + h ∈ AAP(E) and limn→∞ fn = f , so AAP(E)
is a Fréchet space. 
Corollary 5.5. If E is a Banach space, then the linear space of all asymptotically almost
periodic functions R+ → E is a Banach space with the norm defined in the following way:
‖f ‖AAA(E) = sup
t∈R
∥∥g(t)∥∥+ sup
t∈R+
∥∥h(t)∥∥,
where g and h are the principal and corrective terms of the function f , respectively (see
[6, Lemma 1]).
In the case of asymptotically almost automorphic functions we have the following
Theorem 5.6. Let E1,E2 be Fréchet spaces and f :R+ → E1 be an asymptotically almost
automorphic function. Let φ :E1 → E2 be a continuous mapping. Moreover assume that
there exists a compact set B which contains the closure of the set {h(t): t ∈ R+}, where h
is the corrective term of f . Then the function φ(f (t)) :R+ → E2 is asymptotically almost
automorphic.
Proof. Let f (t) = g(t) + h(t) for t ∈ R+, where g and h are principal and corrective
terms of f , respectively. In view of Theorem 3.9 the function φ(g(t)) is almost periodic.
544 D. Bugajewski, G.M. N’Guérékata / J. Math. Anal. Appl. 299 (2004) 534–549Put Γ (t) = φ(f (t)) − φ(g(t)) for t ∈ R+. Obviously Γ is continuous. Let ε > 0. By the
assumption there exists a compact set C which contains the closures of {f (t): t ∈ R+}
and {g(t): t ∈ R+}, so φ restricted to C is uniformly continuous. Thus, there exists δ =
δ(ε) > 0 such that∣∣φ(x)− φ(y)∣∣2 < ε if |x − y|1 < δ, x, y ∈ C,
where | · |1, | · |2 denote the pseudo-norms of E1 and E2, respectively. Since limt→+∞ h(t)
= 0, there exists t0 > 0 such that∣∣f (t)− g(t)∣∣1 = ∣∣h(t)∣∣1 < δ for t > t0.
Thus, we obtain∣∣Γ (t)∣∣2 = ∣∣φ(f (t))− φ(g(t))∣∣2 < ε for t > t0.
Hence the function φ(f (t)) is asymptotically almost periodic, its principal term is φ(g(t))
and its corrective term is Γ (t). 
We complete this section with the following result about integration of asymptotically
almost periodic functions.
Theorem 5.7. Let E be a Fréchet space and f :R+ → E an asymptotically almost periodic
function. Consider the function F :R+ → E defined by F(t) =
∫ t
0 f (s) ds and G :R → E
defined by G(t) = ∫ t0 g(s) ds, where g is the principal term of f . Assume G has a relatively
compact range in E and that
∫ +∞
0 h(t) dt < +∞, where h is the corrective term of f .
Then F is asymptotically almost periodic; its principal term is G(t)+ ∫ +∞0 h(s) ds and its
corrective term is H(t) = − ∫ +∞t h(s) ds.
Proof. In view of Theorem 2.3, G(t) is almost periodic. Since
∫ +∞
0 h(s) ds exists,
G(t) + ∫ +∞0 h(s)ds is almost periodic. Moreover, the function H is continuous and
limt→+∞ H(t) = 0. Since
F(t) = G(t) +
+∞∫
0
h(s) ds +H(t) for t ∈ R+,
the proof is complete. 
6. AAP-solutions of differential and integral equations
Now we consider again Eq. (3) with t ∈ R+ and the following assumptions:
13◦ A is the infinitesimal generator of a group of equicontinuous linear operators
(T (t))t∈R such that for each x ∈ E, T (t)x :R → E is in AP(E);
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∫ t
0 T (−s)f0(s) ds: t ∈ R} is
relatively compact in E and f1 ∈ C(R+,E) satisfies the property: for each pn ∈ P
there exists a function ψpn :R+ → R+ and
pn
(
f1(s)
)
ψpn(s) and
+∞∫
0
ψpn(s) ds < +∞.
We now state and prove
Theorem 6.1. Under the above assumptions, every solution of Eq. (3) is in AAP(E).
Proof. Consider a solution x(t) of Eq. (3). It has the integral representation
x(t) = T (t)x(0)+
t∫
0
T (t − s)f (s) ds.
Let us write x(t) = y(t) + ∫ t0 T (t − s)f1(s) ds, where
y(t) = T (t)x(0)+
t∫
0
T (t − s)f0(s) ds.
First, note that y(t) ∈ AP(E). Indeed, T (t)x(0) ∈ AP(E) by the assumption. By [16, The-
orem 3.2.12] it is clear that T (−s)f0(s) ∈ AP(E) and thus, by 14◦,
∫ t
0 T (−s)f0(s) ds ∈
AP(E). Consequently
∫ t
0 T (t − s)f0(s) ds = T (t)
∫ t
0 T (−s)f0(s) ds ∈ AP(E), which
proves our claim on y(t). Now using equicontinuity of (T (t))t∈R we can say that for
any given seminorm pn, there exists a seminorm qn such that
pn
( +∞∫
0
T (−s)f1(s) ds
)

+∞∫
0
pn
(
T (−s)f1(s)
)
ds 
+∞∫
0
qn
(
f1(s)
)
ds.
Moreover, by the assumption 14◦ there exists a function ψqn :R+ → R+ with
+∞∫
0
qn
(
f1(s)
)
ds 
+∞∫
0
ψqn(s) ds < +∞.
Hence
T (t)
+∞∫
0
T (−s)f1(s) ds ∈ AP(E) for each t ∈ R.
Also for each seminorm pn, there exists a seminorm qn such that
pn
(
T (t)
+∞∫
T (−s)f1(s) ds
)
 qn
( +∞∫
T (−s)f1(s) ds
)
t t
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+∞∫
t
qn
(
T (−s)f1(s)
)
ds 
+∞∫
t
vn
(
f1(s)
)
ds for some seminorm vn.
It is now clear that the last integral tends to zero as t gets large. This ends the proof. 
Consider now the autonomous Cauchy problem
x ′ = f (x(t)), t ∈ R+,
x(0)= x0 ∈ E. (7)
Analogously as in [18] define
φpn(t,X) = lim
r→0+
βpn
(
f (Itr ×X)
)
for t ∈ R+ and X ⊂ E,
where Itr = (t − r, t + r). Moreover, let Bpn(0, r)= {x ∈ E: pn(x) r}. Assume that
15◦ for each pn ∈ P there exists a function ψpn :R → R+ such that pn(f (x(s))) 
ψpn(s), for any x ∈ AAP(E) and s ∈ R+, and
∫ +∞
0 ψpn(s) ds < +∞;
16◦ for every seminorm pn ∈P there exists a continuous function upn such that upn(t) > 0
for t > 0, upn(0) = 0, u′pn(t) is positive and integrable in the Lebesgue sense and
φpn(t,X)
u′pn(t)
upn(t)
βpn(X)
for t ∈ R+ and for each bounded set X ⊂ E, and
lim
t→0+
r→0+
βpn(f (t,Bpn(0, r)))
u′pn(t)
= 0;
17◦ f :E → E is continuous.
Define
F(x)(t) = x0 +
t∫
0
f
(
x(s)
)
ds = x0 +
t∫
0
fg
(
x(s)
)
ds +
t∫
0
fh
(
x(s)
)
ds
= x0 + Fg(x)(t)+ Fh(x)(t) for x ∈ AAP(E) and t ∈ R+,
where fg(x) and fh(x) denote the principal and corrective terms of the function f (x),
respectively.
Denote by B the set of all asymptotically almost periodic functions such that the
range of their corrective terms is relatively compact. Obviously B is a closed subspace
of AAP(E). Further, assume that
18◦ for each x ∈ B the range RFg(x) = {Fg(x)(t): t ∈ R} is relatively compact;
19◦ for each x ∈ B the range Rh(x) = {
∫ +∞
t
fh(x(s)) ds: t ∈ R+} is relatively compact;
20◦ for each x ∈ B , ∫ +∞ fh(x(s)) ds < +∞.0
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Theorem 6.2. Suppose 15◦–20◦ are satisfied. Then Eq. (7) has a solution in AAP(E).
Moreover, the set of all such solutions is compact.
Proof. In view of 17◦ and Theorem 5.6, the function s → f (x(s)), s ∈ R+, is asymptot-
ically almost periodic for any x ∈ B . Consider mapping F defined above, restricted to B .
By the assumptions 18◦, 20◦ and Theorem 5.7 we deduce that F maps B into AAA(E).
Moreover, 19◦ guarantees that F(B) ⊂ B . Let D = conv(F (B) ∪ {0}). It is clear that F
maps D into itself. Essentially the same reasoning as in the proof of Theorem 4.1 estab-
lishes the result. 
The above result can be extended to the following nonlinear Volterra integral equation
x(t) = g˜(t) +
t∫
0
K(s)f
(
x(s)
)
ds, t ∈ R+. (8)
Similarly as in the case of the Cauchy problem (7), define
F(x)(t) = g˜(t) +
t∫
0
K(s)f
(
x(s)
)
ds
= g˜(t) +
t∫
0
[
K(s)f
(
x(s)
)]
g
ds +
t∫
0
[
K(s)f
(
x(s)
)]
h
ds
= g˜(t) + Fg(x)(t)+Fh(x)(t) for x ∈ AAP(E) and t ∈ R+,
where [Kf (x)]g and [Kf (x)]h denote the principal and corrective terms of the function
Kf (x), respectively.
Suppose that
21◦ g˜ :R+ → E is asymptotically almost periodic and the range of its corrective term is
relatively compact (briefly g˜ ∈ B);
22◦ for each seminorm pn ∈ P , each bounded subset M ⊂ E and for each interval [0, a],
there exists a continuous nondecreasing function hn,M,a :R+ → R+ such that the in-
equality
u(t)
t∫
0
hn,M,a
(
u(s)
)
ds, for t ∈ [0, a],
has only a trivial solution u ≡ 0 and
βpn
(
K(A)f (X)
)
 hn,M,a
(
βpn(X)
)
for A ⊂ [0, a] and X ⊂ M;
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relatively compact, and
∫ +∞
0 |K(s)|ds < +∞;
24◦ for each x ∈ B the range RFg(x) = {Fg(x)(t): t ∈ R} is relatively compact;
25◦ for each x ∈ B the range Rh(x) = {
∫ +∞
t
[K(s)f (x(s))]h ds: t ∈ R+} is relatively com-
pact;
26◦ for each x ∈ B , ∫ +∞0 [K(s)f (x(s))]h ds < +∞.
The last result of this paper is the following
Theorem 6.3. Suppose 15◦, 17◦, and 21◦–26◦ are satisfied. Then Eq. (8) has an asymptot-
ically almost periodic solutions. Moreover, the set of all such solutions is compact.
Proof. In view of 17◦ and Theorem 5.6, the function s → f (x(s)), s ∈ R+, is asymp-
totically almost periodic for any x ∈ B . Next, by 23◦ and Proposition 5.2 we deduce
that s → K(s)f (x(s)), s ∈ R+, is also asymptotically almost periodic. Further, we ar-
gue in a similar way as in the proof of Theorem 4.3. Note only, that the sum of two
asymptotically almost automorphic functions is also asymptotically almost periodic by
Proposition 5.2. 
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